We argue about the (non) existence of superregular scalar clouds (i.e., bound states of a massive and complex-valued scalar field Ψ) around exact extremal (a = M ) Kerr black holes (BH's) possessing bounded radial derivatives at the horizon (in Boyer-Lindquist coordinates) as opposed to similar cloud solutions that exist but with unbounded derivatives in the same coordinate system. The latter solutions have been reported recently both analytically and numerically. The superregular clouds cannot be obtained from the regular clouds around subextremal Kerr BH's (|a| < M ) in the limit of extremality (a → M ) as in this limit the radial derivatives of Ψ at the horizon rH diverge when rH → r ext H := M = a, thus, such superregular clouds must be analyzed separately. We conclude that the superregular clouds, which are found in the exact extremal scenario (a = M ), are not continuously connected with the regular ones in the limit of extremality (a → M ). Remarkably, the spectrum leading to the existence of the radial part of the full solution of these superregular clouds (which obeys a Teukolsky equation) is given by the exact formula
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I. INTRODUCTION
In a previous work [1] we argued that the (theoretical) existence of bound states of a massive and complexvalued scalar field Ψ around a Kerr black hole (BH), dubbed scalar clouds, and more generally, around axisymmetric and stationary BH that are not necessarily of Kerr type, both reported recently by several authors [2] [3] [4] [5] [6] impose important obstructions towards the extension of the no-hair theorems to scenarios with less symmetries than the spherically symmetric case. In our previous analysis [1] we restricted ourselves to the nonextremal (i.e. subextremal |a| < M ) and near extremal (a ≈ M ) scenarios in a fixed Kerr background in Boyer-Lindquist coordinates. We solved the corresponding eigenvalue problem associated with the complex-valued scalar field Ψ and imposed suitable regularity conditions on the field at the BH horizon, r H , in addition to other conditions that led to the existence of such bound states or clouds, notably, the synchronicity condition ω = mΩ H . In particular, we demanded that radial derivatives of the field were bounded at r H , and thus, that the Teukolsky equation associated with the radial part R(r) of the field were satisfied at r H . From these considerations we found expressions for the first R (r) and second R (r) radial derivatives that are always finite at r H provided the BH was not extremal, i.e., provided r H = r ext H := M = a, as otherwise, those radial derivatives become singular due to the fact that R (r H ) and R (r H ) behave like f (r H )R(r H )/(r H −M ), where f (r H ) represents schematically an expression that is finite at r H = M in both derivatives, but different in each of them. In [1] , we also argued that despite these divergences when approaching extremality r H → r ext H , notably, the divergence in R (r H ), the resulting scalar clouds with unbounded radial derivatives at r ext H might still make sense physically given that scalar quantities formed from Ψ, namely, the "kinetic term" K = |∇Ψ| 2 = g ab (∇ a Ψ * )(∇ b Ψ), may remain finite at r ext H due to the presence of a factor g rr ∼ (r − r ext H ) 2 associated with the extremal Kerr BH that can compensate the divergence in R 2 when evaluated at r = r ext H . This situation indicates that a divergent R at the horizon in the extremal scenario may be just due to a bad coordinate choice and points perhaps to the necessity of using a better behaved coordinate system on the horizon (cf. Sec. IV). Nonetheless, in this report we explore the possibility of finding numerically cloud solutions with radial gradients that are bounded in the exact extremal case, i.e., when M = a, using the Boyer-Lindquist coordinates. We dub these clouds superregular clouds in order to distinguish them from similar clouds that are obtained from the subextremal case in the limit r H → r ext H = M = a and which posses unbounded radial derivatives at r H in this limit.
To that aim, we analyze the eigenvalue problem for Ψ along the lines presented by us in our previous work [1] , but consider ab initio an exact extremal Kerr background, i.e., we do not consider any limit whatsoever from the subextremal case. We then impose regularity on Ψ and its radial derivatives, notably, R (r) and R (r) at r ext H . We find the exact expressions for R (r ext H ) and R (r ext H ), which are bounded and thus, they are not the limit of the corresponding derivatives R (r H ) and R (r H ) reported in [1] when r H → r ext H as the latter diverge in this limit, as we stressed above. We thus conclude that in the extremal scenario the superregular scalar clouds with finite R (r ext H ) and R (r ext H ), if they actually exist (i.e. if they can be constructed) are not continuously connected with those obtained from the non-extremal scenario in the extremal limit.
In the past, Hod [4] [5] [6] analyzed the existence of scalar clouds in the extremal and near extremal cases and found exact solutions for Ψ with radial gradients that are generically divergent at r ext H , except for some "special" cases (β = k/2, where k is an odd positive integer) [4, 7] , for which those gradients are bounded (see Section III). Nevertheless, as far as we are aware, in the analyses by Hod, we did not find any further discussion of those cases and its connection with the regularity conditions on the scalars formed from Ψ. In this paper we make that connection and find that our regularity conditions are related with the resonance condition for M found by Hod [4] . More importantly, by using the resonance condition together with the regularity conditions we obtain the exact spectra for M given in terms of three integer numbers that label the cloud solutions: the magnetic number m, the principal number n (indicating the number of nodes in the the radial function of the solution) and a number j that determines the type of regularity in that function. Unfortunately, despite these astonishing features, when looking closer to the angular part of the solution, which is supposed to be given in terms of the spheroidal har-monics, we realize that the latter do not actually exist, i.e., they do not have an adequate behavior on the axis of symmetry at θ = 0, π, due to the fact that the separation constants, those which are related to the "quantization" conditions, do not coincide with the separation constants that emerge from the regularity conditions imposed on the radial part. This lack of consistency on the full solution indicates that non-trivial superregular clouds cannot exist. At this respect, we recall that generically, i.e., including the subextremal cases, clouds exist only due to the contribution of the rotation of the BH, and thus, due to the contribution of the angular part of the solution which is present only when m = 0. Thus, if m = 0 = l automatically one is led to the only possible solution which is the trivial one Ψ ≡ 0. Apparently the only possibility to conciliate the regularity of the angular and radial parts, and thus, to obtain a consistency in the separation constants, is in the limit n 1 (i.e. infinite nodes). In addition, we found that the pair of integer numbers (l, m) not only have to verify the usual condition |m| ≤ l, but also a Diophantine equation of Pell's type (see Sections III A and III B). Only then nontrivial superregular boson clouds (of type β = k/2) seem to exist in the exact extremal Kerr background.
II. THE BOSON CLOUDS
In order to compute the cloud solutions we assume a fixed spacetime background provided by the Kerr BH metric in the Boyer-Lindquist coordinates and focus in the extremal case (M = a):
and M is the mass and a the angular momentum per mass associated with the Kerr BH. In the subextremal Kerr BH the horizon is located at largest root r + of ∆(r) = (r − r + )(r − r − ). We denote this location by r H and, for the extremal case M = a, this location is given by r ext H = r + = r − = M . The angular velocity of the extremal Kerr BH is given by
We consider a complex-valued massive and free scalar field Ψ that obeys the Klein-Gordon equation
where = g ab ∇ a ∇ b is the covariant d'Alambertian operator, and g ab corresponds to the Kerr metric (1) [8] . We are interested in finding "bound states" solutions or clouds, so we consider a scalar field Ψ(t, r, θ, ϕ) with temporal and angular dependence of harmonic form,
where φ(r, θ) is a real-valued function, m is a non-zero integer (here we focus on m > 0) and ω is the frequency of the mode, which for the bound states is given by the synchronicity condition [2] [3] [4] :
where Ω H is given by (4) in the extremal case. The harmonic dependence (6) is such that the energy-momentum tensor of the field, as well as its conserved current respect the underlying symmetries of the background spacetime. The scalar clouds were analyzed numerically by Herdeiro and Radu [2, 3] in various scenarios and analytically by Hod in the test field limit [4] [5] [6] . In [1] we used an argument in terms of the following integral
to justify in a simple and heuristic way the existence of the nontrivial boson clouds alluded above. The integral is performed over a suitable spacetime volume V defined in the region of outer communication of the BH having as boundaries the event horizon and two spacelike hypersurfaces extending to spatial infinity where the field Ψ vanishes and the metric becomes the Minkowski metric. Specifically, in [1] we showed that in the presence of a subextremal rotating Kerr BH the above integral can be satisfied even when (nontrivial) boson clouds exist (i.e. φ(r, θ) = 0) due to the presence of a non-positive definite contribution m 2 φ 2 R in the kinetic term:
and
Thus we showed that when boson clouds exist, R ≤ 0 in a spacetime region in order for the term m 2 φ 2 R to compensate the non-negative definite terms g IJ (∇ I φ)(∇ J φ) and µ 2 φ 2 and thus for the volume integral (8) to be satisfied [1] . In this report, we show that in the exact extremal scenario M = a, the inequality R ≤ 0 at θ = π/2 holds in the domain of outer communication, in contrast with the subextremal and near extremal cases where R is positive near and at r H and then becomes negative. All this analysis is valid provided the angular dependence of the field is well behaved, which as we will show, it does not happen in general, but only when m = 0, in which case the field disappear, or when n 1.
III. THE TEUKOLSKY EQUATION, REGULARITY CONDITIONS AND NUMERICAL RESULTS
The Klein-Gordon Eq. (5) is solved using separation of variables with the mode expansion in the following form
where we have introduced explicitly the labels (n, l, m) that are associated with each solution given this set of integer numbers. The angular functions S lm (θ) are the spheroidal harmonics (SH) which obey the angular equation
where K lm are separations constants (|m| ≤ l) that couple the radial and angular parts of the Klein-Gordon equation (5):
where λ = a 2 (µ 2 − ω 2 ) .
The separation constants K lm ensure that the SH are well behaved on the axis of symmetry.
The expansion coefficients c k are provided in Ref. [9] . Several remarks on these separation constants are in order. Even if the SH have been analyzed thoroughly in the past (see [10] [11] [12] [13] [14] [15] ), there is not a consensus on how to compute the coefficients c k , and there is also a lack of a deeper mathematical analysis on the convergent properties of the above series. Empirical (numerical) evidence shows that when |λ| ≤ 1, the separation constants can be approximated by K lm = l(l+1) (i.e. as if there was no rotation) and the SH become well behaved except near the axis of symmetry (θ = 0, π). When including the series as in (13) (usually with the first three terms is sufficient) the separation constants only change by a small amount, but the behavior of the SH at θ = 0, π improves. For instance, in the subextremal cases, and typically when |m| ≤ 3, λ is bounded 0 < λ ≤ 1 (e.g. for a > 0), and as mentioned, with three terms in the series one obtains a good approximation for K lm : the relative change in the separation constants K lm compared with K lm is ≈ 1.5% when m = 1 and l = 1, and for larger m and l the change is even smaller. That is, the series contributes slightly as m increases. Alternatively, one can compute K lm with a better accuracy than using the series by solving numerically Eq. (12) with a shooting method. On the other hand, when |λ| > 1 a much better precision for K lm is required for the SH to be well behaved on the axis of symmetry, and thus, more terms in the series are needed. This situation is encountered for clouds with larger m. In order to appreciate much better such situation, we note that an adequate asymptotic behavior for the radial function (see below) demands ω/µ < 1. Thus, even if ω is bounded by µ one can have a/µ > 1, which is precisely the coefficient that appears in λ. Specifically, for m = 3, and as the BH approaches extremality one finds a/µ > 1 (cf . Table III of Ref. [1] ).
In the exact extremal scenario we will face a much more serious problem. When imposing the regularity conditions on the derivatives of the radial functions a completely different kind of separation constants will emerge (cf. Eqs. (23) and (44) below) and thus consistency between these two kind of separation constants, and thus, consistency in the full cloud solution, is in jeopardy, except in the large n limit.
The radial functions R nlm obey the radial Teukolsky equation
where
The last equality arises from the condition (7) and from Eq. (4). Thus we appreciate that H vanishes precisely at the BH horizon r = M = r ext H . In order to find physically meaningful configurations that represent bound states it is necessary to impose regularity conditions of the scalar field Ψ(t, r, θ, ϕ) at BH horizon. We thus consider that the field and its derivatives are bounded at the horizon in order for the scalars constructed from Ψ are finite there. In particular, we impose R nlm (r), R nlm (r) and R nlm (r) to be bounded at r = r ext H , where primes indicate derivatives with respect to the radial coordinate. These regularity conditions seem reasonable and sufficient to compute well behaved clouds solutions, but are not necessary in this coordinate system. In fact, one of the aims of this paper is precisely to show that these conditions are extremely restrictive and leads generically to inconsistencies. We will elaborate more about this issue in the last section and a propose an alternative treatment to deal with the extremal scenario numerically using a more appropriate radial coordinate.
In our previous work [1] we obtained such regularity conditions for the subextremal case and found that the expressions for R nlm (r H ) and R nlm (r H ) were finite except when r H = r ext H = M . Since in the extremal scenario it is difficult (if not impossible) to implement exactly those two conditions in a computer given that the "initial data" (data at r H = r ext H ) diverge, we were able to approach the extremal case only in the limit r H → r ext H , which corresponds to the near extremal case, and re-ported several results in plots and tables. Nonetheless, Hod [4] found exact cloud solutions for the exact extremal scenario with regular radial functions R (we omit for the moment the labels n, l, m in R) at r ext H given by[17]
where M(a, b, z) is the confluent hypergeometric function, and A is a normalization constant. According to [4] , the regularity condition on R at the horizon requires (β) ≥ 1/2 (hereafter we consider only a real-valued β). Now, the generic case β > 1/2 leads to solutions where R is regular, but its derivatives may blow up at the horizon. In particular, if 1/2 < β < 3/2, R and R diverge at the horizon. For values of β in this range the cloud solutions seem to correspond to the extremal limit obtained from the subextremal case that we computed recently when exploring numerically the radial solutions [1] . However, it is not exactly so because in [1] we assumed R H = 1 and solution (17) has R H = 0. Thus, from our subextremal solutions as we approach extremality the derivatives blow up, but the condition R H = 1 remains fixed. On the other hand, we cannot start computations from the subextremal clouds with R H = 0, and then try to approach the extremal limit, as in this case the regularity conditions lead to R H = 0 = R H [1] , and thus the trivial (identically vanishing) cloud solution is recovered. One can in principle recover Hod's extremal solution numerically for this range of β but by starting the numerical computation at some r different from r H , while keeping the original radial coordinate (cf. [18]), although, as we discuss at the end, it is perhaps better to use a different radial coordinate. Instead, in this paper we try to investigate if its possible to find cloud solutions with bounded radial derivatives at the horizon. After all, this is what it has been done for the subextremal case with successful results.
In this regard we appreciate from (17) that for values β = k/2 where k is an odd positive integer (i.e. β = 1/2, 3/2, 5/2, etc) one can find different kind of nontrivial radial solutions where R seems to be smooth at the horizon (i.e. where R and all its derivatives are bounded). This is what we call superregular clouds. Depending on the specific value for k several derivatives of the radial functions may vanish at the horizon, not only R H itself.
In order to recover the superregular cloud scenario associated with the values β = k/2 following our numerical approach, we impose regularity conditions at the horizon using Eq. (15) . One can differentiate Eq.(15) and from the resulting equation it is easy to see that when assum-
. (21) The exact value for R (r ext H ) is found by differentiating Eq.(15) two times assuming |R (r ext H )| < ∞:
The cloud solutions to be obtained using these new conditions, notably those with R nlm (r ext H ) = 0, will not be connected continuously with the extremal solutions found from the subextremal ones in the limit r H → M as in this limit R (r H ) and R (r H ) blow up (cf. Eqs. (77) and (78) of [1] ), while in the current situation the radial derivatives (21) and (22) are bounded.
At this point we have two possibilities leading to superregular clouds. One is taking R nlm (r ext H ) = 0, which as we analyze below, corresponds to β = 1/2, and the other one is R nlm (r ext H ) = 0 with R nlm (r ext H ) = 0 and R nlm (r ext H ) = 0, which is associated with β = 3/2. The latter situation is possible if we choose the separation constants judiciously, as otherwise, for R nlm (r ext H ) = 0 without any restriction on the values for the separation constants the radial derivatives (21) and (22) vanish as well and so the radial function vanishes everywhere. This is clearly a not very interesting scenario. In the following two sections we consider for simplicity only the two possibilities β = 1/2 and β = 3/2. For larger values of β = k/2 the same conclusions hold albeit the details are different (see the discussion at the end of Sec. III B).
A. The superregular extremal scenario R nlm (r ext H ) = 0 (β = 1/2) and first Pell-Diophantine equation
In this scenario R nlm (r ext H ) is finite although arbitrary and Eqs. (21) and (22) fixes the values R nlm (r ext H ) and
The full solution is then obtained when the spectrum is found (i.e. the adequate value for M leading to localized solutions or bound states). On the other hand, when Eq. (15) is evaluated at the horizon with the condition R nlm (r ext H ) = 0 and again assuming |R (r ext
These separation constants are rather different from (13), which are the ones needed to ensure regularity of the SH on the axis of symmetry. In the subextremal case this situation does not happen since the regularity conditions on the radial function do not impose further constraints on (13) . Notice, however, that (23) can be obtained from Eq. (18) for β = 1/2, this is why we introduced an index ' 1 2 ' in (23). Using the separation constants (23) in the regularity conditions (21) and (22) we find respectively
In order to compute specific radial solutions we choose R nlm (r ext H ) = 1 for simplicity, as we did before in the subextremal scenario [1] , which leads to nonvanishing R nlm (r ext H ) and R nlm (r ext H ). As for the case R nlm (r ext H ) = 0, it is also possible to obtain non-vanishing radial derivatives at the horizon, by considering separation constants different from (23). Such regularity conditions leads also to non-trivial radial functions and are associated with the value β = 3/2. In the next subsection we tackle this scenario.
From Eq. (24) we appreciate that the coefficient
We are interesting in R nlm (r ext H ) < 0 because this is what systematically results from the numerical analysis (cf. Fig. 1 ). Moreover, from this analysis we also corroborate that R nlm (r ext H ) > 0, so together with the condition m > √ 2µM , we conclude from Eq. (25) that a sufficient condition for R nlm (r ext H ) > 0 is m < 2µM . These conditions translate into the band
According to Hod [4] this is precisely the band that restricts the spectra for M , but here this band is found from empirical considerations using the regularity conditions and the numerical analysis. In Hod's exact analysis, the resonance condition for the existence of bound states reads:
implying κ > 0 since β ≥ 1/2. Using the resonance condition (27) and Eq. (19) Hod found the band (26) for M and then the spectra for some values of the parameters. Later, we will discuss some additional features associated with the band (26) and the large n, m limits. Finally, by imposing the boundedness of the radial function (17) at the horizon, and using the resonance condition (27) Hod obtained from Eq. (17) the expression [4] 
where L (2β) n (z) are the generalized Laguerre polynomials. This is the radial function that is regular at the horizon (z = 0), but with unbounded gradients for generic values β > 1/2. The radial function with bounded gradients at the horizon are associated with the "special" half-integer values β = k/2 that we mentioned before.
In this section we restrict first to the value β = 1/2 and compare our numerical solution with the analytic one provided by Hod[18] . In that case (27) reduces to
and the radial function has R H = 0.
Let us recall that we use the "quantum numbers" (n, l, m) to label the possible solutions, where the nonnegative integer n determines the number of nodes of the radial function R nlm . Here l is also a positive integer, and the "magnetic" number m is also an integer satisfying |m| ≤ l (for simplicity we consider only m > 0).
In order to proceed in our quest for numerical cloud solutions we require to find the spectra M = a = r H for a given (n, l, m) leading to bound states. In particular, localized radial functions. In the subextremal scenario that we analyzed previously [1] , we fixed r H in advance and used a as a shooting parameter leading to radial solutions that vanished asymptotically. From this value a it was straightforward to obtain M , Ω H and the other values of the parameters associated with the Kerr BH. Since in the extremal scenario a = M = r ext H the location of the horizon r ext H cannot be fixed in advance, but becomes the shooting parameter as well.
According to the separation constants (23), for the extremal scenario we need only to fix the number m, and using a shooting method we are able to find the values a = M that lead to radial solutions that vanish asymptotically and that have the desired number of nodes n. We do this by using the exact values (23) for the separation constants which do not depend explicitly on the number l. Due to this feature, and in order to avoid confusion, we omit the labels (n, l, m) in the radial functions. Figure 1 depicts some examples of radial solutions R ext (m = 1) with different nodes (n = 0, 1, 2) in exact extremal Kerr backgrounds (a = M ). Figure 2 shows a sample of radial solutions without nodes (n = 0) for m = 1, 2, 3. Figure 3 contrasts the radial solutions for n = 0 and m = l = 1 in the near extremal scenario analyzed in [1] with the superregular extremal case. We can appreciate that for the configurations approaching extremality from the subextremal case the maximum amplitude of the radial function increases as well as the slope at the Figs. 1 and 2) . The location of the horizon µrH is displayed in each case. Notice that the exact superregular extremal configuration (red line) is not connected continuously with the near extremal ones whose gradients diverge when rH → M . The eigenvalues for a ≈ M with n = 0 and l = m = 1 are included in Table I of [1] .
In Fig. 4 we display the existence lines of boson clouds in a M versus Ω H diagram for a background of subextremal and extremal Kerr BH considering n = 0 and values l = m = 1, 2, 3 [1] . The superregular cloud configurations are associated with the large red dots which, as we notice, are separated from the near extremal dots (black dots near the blue line that indicates the extremality relationship Eq. (4)). This feature also indicates that the superregular clouds are not continuously connected with the regular extremal ones possessing unbounded radial gradients at the horizon. 10), which is associated with the kinetic term Eq. (9), computed at θ = π/2 for simplicity, with the parameters associated with the radial solutions shown in Figure 2 . At the horizon R H = −3/(4M 2 ) < 0 and asymptotically R ∼ −Ω 2 H = −1/(4M 2 ) [1] , which are both negative (cf. Table I ). We appreciate that this quantity is negative in the exact extremal case, unlike what happens in the subextremal (a < M ) and the near extremal scenarios (a ≈ M ), where the rotational part is positive at and near the horizon and then becomes negative (see Fig.6 in Ref. [1] ). This behavior indicates that the inequality (10) actually holds in the domain of outer communication of the BH in the exact extremal (superregular) case.
Something remarkable that we did not realize initially during our numerical computations, but which incidentally corroborates the accuracy of the numerical analy- sis, is that the spectra for a can be obtained exactly and in closed form from Hod's resonance condition (29) and from Eq. (19):
This is a notable formula. Notice that it does not depend explicitly on the number l. This dependence is implicit in κ via the quantity β in Eqs. (27) and (18). We checked that the spectra found numerically using a shooting method match perfectly well the spectra found from Eq. (30), with κ provided by (29). Tables II and III include some examples of this concordance.
Using Eq. (30) we then corroborated that for other values for n, m one obtains readily the localized radial functions numerically without the use of any shooting method at all. This is perhaps one of the few cases, if not the only one, where the spectra of an eigenvalue problem is found analytically and in closed form when taking into account gravity. Figure 6 Eq. (30) with that obtained by Hod analytically (28) [4] taking β = 1/2 for m = 1 and different values of n.
Unfortunately these "astonishing" findings are not fully consistent. If in addition one tries to solve numerically the eigenvalue problem for the SH (12) using the separation constants (23) and the eigenvalue a = M found numerically or analytically using Eq. (30), the resulting S lm turns out to be very badly behaved (i.e. the SH is divergent) at θ = 0, π (i.e. on the axis of symmetry) as it is shown in Figure 7 (red line) and Figure 8 (lower panel) for m = 1. This is in contrasts with the acceptable behavior on the axis of symmetry of a similar SH for the near extremal case where the separation constants K lm are given only by (13) . A sample of well behaved SH in the near extremal case are depicted in Figure 7 (colored lines other than the red one; those colored lines are superposed) and in the upper and middle panels of Figure 8 . Conversely, if one employs the separation constants (13) that provides well behaved SH at θ = 0, π to find the solution for the radial function, the latter becomes bad behaved at the horizon.
In the specific exact extremal scenario with β = 1/2 the separation constants (23) may correspond to l = 0, notably when n → ∞ (see the discussion below) [19] . If this is the case consistency requires to take m = 0 since |m| ≤ l, leading then to a contradiction with the fact that the corresponding non-trivial radial functions only exist for m = 0. On the other hand, if one takes m = 0 (a purely spherically symmetric mode) then the clouds disappear as in that case the only solution for the field is Ψ ≡ 0, a conclusion that is consistent with the no-hair theorems in asymptotically flat spacetimes that states that in spherically symmetric situations the boson field must vanish.
One can then wonder if it is possible to find non-trivial values for m and l such that one can reconcile both types of separation constants (i.e. K ext m = K lm ), and thus to obtain acceptable SH at at θ = 0, π together with superregular radial functions at the horizon. The best we could do in this direction was to consider a scenario where n m = 0. According to Eq. (29) this assumption implies κ ≈ n. We can then expand M in Eq.(29) for κ m,
which was found by Hod [4] for the regular extremal clouds assuming β ≥ 1/2 and for n l [20] . Thus, if we take the leading term, which is the only one that survives in the limit n → ∞, we obtain M µ ≈ m/2. Equations (4) and (7) yield ω = mΩ ext H = m 2M , and in this limit ω ≈ µ. It is interesting to note that in this limit the value M µ ≈ m/2 corresponds to the lower bound for M given by the band (26).
Using these results, we find that the separation constants (13) become independent of m and M , and reduce simply to 
which takes the form of a quadratic Diophantine equation, also known as Pell's equation:
with D = 6 , (37) x = 2l + 1 , y = m .
(38) Equation (36) admits the trivial solution x = 1, y = 0 (i.e. l = 0 = m). According to number theory, when D is a positive nonsquare integer (see [22] [23] [24] for a review), it is possible to find a sequence of solutions (x i , y i ) generated from the smallest non-trivial solution (x 0 , y 0 ), called the fundamental solution, through the recurrence relations
By direct substitution of Eqs. (39) and (40) in Eq. (36) one verifies that (x i , y i ) is a solution if (x i−1 , y i−1 ) is also a solution. In this case the fundamental solution (x 0 , y 0 ) is (5, 2) , which corresponds to the values l = 2, m = 2. The fundamental pair (5, 2) generates (x 1 , y 1 ) = (49, 20), which is associated with the numbers l = 24, m = 20. In this way it is possible to generate all the values l and m satisfying Eq. (34). Because numerically is impossible to achieve the limit n → ∞, Table V displays a specific example for the values of the separation constants as we increase n given m = 2 = l. These values are computed as follows: in the case of K ext m, 1 2 we use (23), and M is obtained from (30) given the numbers m, n. As concerns K lm , we use (13) given n, l, m and M from (30). (13) for m = l = 2 as n → ∞. These values are compatible with the exact value given in Table IV for m = l = 2. FIG. 6. Radial solutions R ext associated with the extremal clouds with principal numbers n = 0, 1, 2 and m = 1. The red dots correspond to the numerical solutions we obtained by solving Eq. (15) and the blue continuous line corresponds to the exact solution given by Hod (28) with β = 1/2, and the constant A is chosen so that RH = 1 for each n. Notice the perfect agreement between both type of solutions. Figure 9 depicts a radial solution R ext for m = 2 and n = 10 9 , with M provided by Eq. (30). Figures 10 and  11 show the SH, S lm (θ) (upper panels) and |S lm (θ, ϕ)| (lower panels) for m = 2, m = 20 and n = 10 9 , using K ext m given by Eq. (33), which coincide with K lm (32) when taking l = 2 and l = 24, respectively, (see Ta-ble IV) , and µr H = µM = µa = m/2. Since in these plots n 1 it is possible to find acceptable solutions at θ = 0, π.
Before ending this section it is worth noting another interesting limit of Eq. (30). For m n the BH mass is given by:
This value for M coincides with the upper limit of the band (26). In this limit one also can attempt to find well behaved clouds as we did previously in the opposite limit n m. The separation constants (13) become
On the other hand, in this limit the constants (23) read
The compatibility K lm+ = K ext m+, 1 2 between (42) and (43) is difficult to achieve in general because a priori it does not lead to a Diophantine equation like (36) due to the presence of the coefficients c k which are not integers. Nonetheless since we are assuming m n, and according to (42) λ = m/2, there exist an asymptotic approximation to the separation constants (42) which is rather simple in the double limit (m, λ) → ∞, in this case with λ < m [13] . Remarkably, in this double limit it is possible to find a quadratic Diophantine equation when imposing the above compatibility condition between the two kind of separation constants. Nonetheless, in this double limit we were unable to find solutions within the integers for the pair (l, m) as we did in the opposite limit m n. We thus conclude that in the limit m n superregular cloud solution of the kind we are interested cannot be constructed (see the Appendix).
B. The superregular extremal R nlm (r ext H ) = 0 (β = 3/2) and more general scenarios with a Pell-Diophantine equation
Besides the superregular scenario analyzed in the preceding section, one can consider an alternative situation where R nlm (r ext H ) = 0, but with bounded radial derivatives at the horizon some of which may vanish. According to Hod [4] this scenario is possible if one takes β as a half integer with β > 1/2. For simplicity we analyze only the case β = 3/2, but for larger values the method is basically the same. According to (28), taking β = 3/2 leads to radial functions where R nlm (r ext H ) = 0, |R nlm (r ext H )| < ∞ and |R nlm (r ext H )| < ∞. Now, using our method and proceeding in a similar fashion as for the case β = 1/2, it is easy to see from Eq. (21) that assuming R nlm (r ext H ) = 0 For the near extremal scenario (the horizon location is indicated), we use the separation constants given by (13) , and for the exact extremal case (a = M ) associated with β = 1/2 we use K ext m given by (23). Notice the divergent behavior of the SH at θ = 0, π in the exact extremal case (red line) and their adequate behavior in the near extremal scenario (colored lines other than the red one, all superposed). The divergent behavior in the exact extremal scenario is because the separation constants K ext m do not allow regularity on the axis of symmetry. The resulting SH is not an acceptable solution despite the fact that the corresponding radial function is perfectly well behaved (cf. upper panel of Figure 6 ). and |R nlm (r ext H )| < ∞, but R nlm (r ext H ) = 0, one is led to the separation constants
which, again, turn out to be different from (13) .
Using these results and assumptions in Eq. (22) we obtain,
Unlike the scenario of previous section that has R nlm (r ext H ) as free parameter, in this scenario R nlm (r ext H ) is the free parameter. We can choose for simplicity R nlm (r ext H ) = 1. Notice that the new kind of separation constants (44) correspond precisely to those obtained from (18) when β = 3/2. Moreover for this value of β one has from (27) κ = 2 + n .
Given all these conditions one can compute the localized radial functions with the spectra (31) using (46). Some solutions are shown in Figure 12 .
However, for this scenario we have again the same problem as before, i.e., the SH are not well behaved on For the near extremal and exact extremal scenarios we use the separation constants (13) , and (23), respectively. Like in Figure 7 we appreciate the pathological behavior of |S lm (θ, ϕ)| at θ = 0, π for the exact extremal case.
the axis, except in the limit of large n as in the previous section. This problem will still be present for larger values of β = k/2 as in this case the separation constants as obtained from (18) or from the regularity conditions using the radial Teukolsky equation, will be different from (13) . For instance, the case associated with β = 5/2 is obtained as follows. From the regularity conditions Eq. (21) we see that we can take R nlm (r ext H ) = 0 = R nlm (r ext H ) without restricting the separation constants. Thus, using these conditions in Eq. (22), we conclude that R nlm (r ext H ) = 0 if the separation constants are K ext ) for m = l = 2 and n = 10 9 in the exact extremal case. In this limit (n 1) it is possible to find acceptable angular solutions. Unlike the SH depicted in Figure 8 for the extremal case (n = 0), this SH is well behaved at θ = 0, π. more intricate numerically than the previous ones be- cause we need to solve a differential equation involving R nlm (r) and take R nlm (r ext H ) as free parameter [25] . But we shall not pursue the numerical analysis for β > 3/2. Below we provide some generic results for any β = k/2 and complete our numerical results for β = 3/2 in the limit n m, for which the complete superregular cloud solution is well behaved.
In general for any positive β = k/2 the separation constants (18) are given by
where we used k = 2j−1, with j a positive integer. Then, with β = k/2 Eq. (27) leads to κ = j + n, and for this κ the spectra (31) depend on the three integer numbers n, m and j.
In the limit n m we have M = m/2, and (47) becomes
In this limit the separation constants (44) with M = m/2 are recovered from (48) taking β = 3/2, i.e. j = 2. For 
This equation can be written exactly as Pell's Eq. (36):
except that in this case,
The trivial solution (x β , y β ) = (1, 0) of Eq. (50) corresponds to m = 0, l = (2β − 1)/2 = j − 1, whereas the fundamental solution (x β,0 , y β,0 ) = (5, 2) corresponds to
Thus, for β = 1/2, i.e. j = 1, we recover the results of previous section. For β = 3/2, i.e. j = 2, the fundamental solution (5, 2) of Eq. (50) corresponds to m = 6 , l = 7 .
Using the recurrence Eqs. (39) and (40) we can generate all the subsequent pairs (x β,n , y β,n ), which are the same as for the value β = 1/2, and then obtain (l, m) from (51). Table VI provides some examples of pairs (l, m) satisfying the condition (49) for β = 3/2 which allows for the separation constants to verify K lm = K ext m, 3 2 . Table VII shows the separation constants Eqs. (44) and (13) for m = 6 and l = 7 as n increases. These constants were computed similarly as in Table V . Figure 13 depicts the SH, S lm (θ) (upper panel) and |S lm (θ, ϕ)| (lower panel) for m = 6 and l = 7 with n = 10 9 using K ext m, 3 2 given by Eq. (44). In this limit of large n and for these values of (l, m) for which K lm ≈ K ext m, 3 2 the SH are well behaved on the axis of symmetry. Figure 14 shows the radial function computed for n = 10 9 and m = 6 which is associated with the SH in Figure 13 . 
IV. CONCLUSIONS
Contrary to our initial expectations that consisted in finding regular boson clouds in the background of extremal Kerr BH with bounded field and its derivatives at the horizon, i.e., superregular clouds (as opposed to the corresponding clouds with only the field, but not its derivatives bounded at the horizon) we found instead (13) for m = 6, l = 7 as n → ∞. These values are compatible with the exact value given in Table VI for m = 6, l = 7. that these superregular clouds do not exist in general when using Boyer-Lindquist coordinates. Despite the fact that we computed perfectly valid radial functions with bounded derivatives at the horizon by finding in addition their exact spectrum analytically, we observed, however, that the angular functions, which were supposed to be provided by the spheroidal harmonics (SH), do not actually "exist" for m = 0 (i.e. they are unbounded at θ = 0, π). Such an unacceptable behavior is due to an inconsistency between the separation constants obtained from regularity in the SH on the axis of symmetry and the separation constants obtained from regularity conditions of the radial function at the horizon. Intriguingly this inconsistency does not happen in the subextremal case. Nonetheless, in the extremal case we found that in the limit of a large number of nodes for the radial function (n → ∞) it is possible to avoid the inconsistency and find superregular clouds provided that the numbers (l, m) obeys a quadratic Diophantine equation of Pell's type. This result establishes an interesting connection between field theory in curved spacetimes with number theory. At the same time, this conclusion indicates that acceptable cloud solutions with more general pairs (l, m) (with n not necessarily large) fixes a value β given by (18) that excludes the half-positive integer values. Otherwise, the inconsistency reemerges. Thus, in the exact solution (28), β is not a free parameter, but a number provided by (18), which contain quantities that are involved in both the radial and the angular equations.
All these arguments indicate that in the extremal case the boundedness conditions imposed on the radial derivatives using the usual r coordinate are too restrictive and might not be necessary. For instance, the analytic solution (28) shows that near the horizon R (r) ∼ const × (β − 1/2)z β−3/2 L (2β) n (z) so for 1/2 < β < 3/2, R blows up at the horizon. However, what is important physically is, for instance, the scalar (covariant) quantities formed by the full kinetic term. In this term it appears the quantity g rr R 2 ∼ const × z 2β−1 (L (2β) n (z)/ρ(r, θ)) 2 which is finite at the horizon despite the fact that R is not. This suggests the use of a Wheeler's tortoise type of coordinate defined as dr * = (r 2 +M 2 )/(r −M ) 2 dr (or alternatively a proper radial coordinate dl = dr/(r − M )).
In this caseR (r * ) = R dr/dr * , whereR(r * ) = R(r), and near the horizonR 2 ∼ const × (R ) 2 (r − M ) 4 ∼ const×z 2β+1 (L (2β) n ) 2 which behaves exactly as R 2 z 4 near the horizon. Therefore, even if R blows up at the horizon in the original r coordinate as R ∼ 1/(r − M ) ∼ 1/z with 0 < < 1 in the range 1/2 < β < 3/2,R not only remains finite, but vanishes, and for larger β,R also vanishes. The same conclusion holds for higher derivatives. In view of this we conclude that using the coordinate r * it may be possible to find superregular clouds numerically for any number of nodes n and for any pair of angular numbers (l, m) with |m| ≤ l. It is however not clear in which place of the domain of outer communication of the BH one should give adequate boundary conditions to start the numerical integration in view that the coordinate r * covers the domain −∞ < r * < ∞, i.e. from the horizon at r * = −∞ to spatial infinite r * = +∞.
In a forthcoming paper [26], we plan to report a similar analysis for clouds in the background of Kerr-Newman spacetime (i.e. one where the BH is rotating and charged) where we will consider the subextremal, near extremal and exact (superregular) scenarios and try to implement the coordinate r * when needed and compare our numerical results with [7, 27, 28] .
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V. APPENDIX
In the following we analyze in more detail the limit m n mentioned at the end of Sec. III A. Since in this limit the quantity λ := a 2 (µ 2 − ω 2 ) introduced in Sec. III is λ = m/2, then λ is also large in this limit, and thus we can use the double limit asymptotic analysis for the separation constants K lm provided by Hod [13] . In order to do so, and to avoid any possible confusions about the notation, it is convenient to consider the differential equation for the SH as written in [13] : 
Comparing the angular Eq. (12) with Eq. (55) we obtain the relationship between our notation with Hod's [13] .
K lm = A lm + c 2 .
(57) According to [13] , when {| c |, m} → ∞ with m 2 > c 2 and m/c a finite number, the separation constants A lm become A lm ≈ m 2 + [2N + 1] m 2 − c 2 , (58) N = l − |m| ,
where N is a non-negative integer. In this paper we focused only in non-negative m, thus N = l − m. From Eq. (30) we found first µM = m/ √ 2 when m n and from Eqs. (7) and (4) ω = µ/ √ 2. Then we obtained the separation constants K lm+ (43). From Eq. (56), and in this large m limit we obtain c 2 = −m 2 /4. We see then that the three conditions to apply the asymptotic formula (58) are met: m 2 > c 2 , |c| is large in this limit, and finally m/|c| = 2. Thus, from Eqs. (56)-(58) we find K lm for m large:
Consistency between the radial and angular parts of the solution require K ext m+, 1 2 = K lm+ , as given by Eqs. (43) and Eq. (60). For instance if l = m and for m sufficiently large K lm+ ≈ 3m 2 /4, and the consistency condition leads to m 2 = 3m 2 /4 which is impossible to achieve for large m. Now, when taking into account the complete K lm+ given by (60) 
this is a second degree equation for l. A necessary condition for this equation to have integer solutions is that the discriminant is a perfect square:
where u is a integer number. The last equation can be rewritten as
where p = b 2 − 4ac, q = 2bd − 4ae and r = d 2 − 4af . Equation (64) is a second degree equation in m which may have integer solutions if the discriminant is a perfect square:
where v is an integer number. This equation can be written as v 2 − Du 2 = t, with D = 4p and t = q 2 − 4pr. For our particular case we get p = 320, q = 0, D = 1280, r = 0 and t = 0. So the Diophantine equation to solve is v 2 − 1280u 2 = 0, which does not admit integer solutions for large m (i.e. v = 0 and u = 0). We conclude that for m n there are no consistent cloud solutions contrary to what happens in the opposite limit m n.
